
"AAD-753 302

RECURRENCE FORMULA FOR THE VENEZIANO

MODEL N-POINT FU44CTIONS

Koichi Mane)

Air Force Cambridge :Research Laboratories
L. G. Hans~com Field, Massachusetts

I May 1972

'.. .I I I '

DISTRIBUTED BY:

National Technical Information Service
U. S. DEPARTMENT OF COMMERCE
5285 Port Royal Road, Springfield Va, 2Z!51



Unclassified,
I Seciaity Classilkction

.. DOCUMENT-CONTROL DATA. R*•D"
-(Socrity- classification of sizle, body of abstract and indezing, asnotation musg be eiteted when the overild report is duaslfied)
.I ORIGINATING ACTIVITY 2.. REPORT SECURITY CLASSFICATI

Air Force Cambridge Research Laboratories (LZN) Unclassified
S L.G. Hanscom Field GROUP
Bedford, Massachusetts 01730
L REPORT TITLE

* RECURRENCE FORMULA FOR THE VENEZIANO MODEL
N-POINT FUNCTIONS
4. DESCRIPTIVE NOTES (rype of report and Aclusive dates)

Scientific. Interim.
t1. AUTHORiS) (First M e, Piddle initial, lost noe)

Koichi Mano

LREPORTDATE 70. TOTAL NO. OF PAGES W NO. 07REFS13 December 1,972, ,f,

"S0. CONTRACT OR GRANT NO.' 9C6 ORIGINATOR'S REPORT NUMRER($S)

AFCRL-72-0723
b. PROJECT, TASK. WORNK UNIT NOS. 86820201

C. 0OD ELEMENT 62101F 9b. OyIIERJIJIonT wy($) (Any ee nmber A as y

A O0 SU8ELEMENT 681300

10. COISTRIBUTION STATEMENT

Approved for public release; distribution unlimited.

ItI. SUPPLEMENTARY NOTES I1 SPONSORING MILITARY AMTIVITY

Reprinted from J.Math.Phys.,, Vol. 13, Air Force Cambridge Research
%No. 10, October 1972. Laboratories (LZN)

L. G. Hanscom Field
Bedford, Massachusetts 01730

13. ABSTRACT

A recurrence formula is derived for a function which redudes to the
Veneziano model (n + 3)-point function. It is shown that the.formula- is.
equivalent to, but is more self-contained than, the Ilopkinson and Plahte
formula in that it docs not require-the prescription fov the parameters
involved.

Reproduced by
NATIONAL TECHNICAL
INFORMATION SERVICE

SptbI09140d VA 7011

A

KEYWORDS: Veneziano-type amplitudes

" •%0 . .FOm.. 14.3



A FCIaL -, a-O?2'.7 ', :

Recurrence Formula for the Veneziano Model N-Point Functions

Koichi Mano /
Il 10 h oor (it~ iijI I. Co io i ldgi - I /1-- I,41101)111IIIIi'ii', Iffedimrd i , '111' %I($1 lU ''i' S ~ ' 1-1/s,/$I I:'3so

(Ihev'elvid 1 May IU72) , , c.

A rv(etrrlvi,.e moriotela IN d,,erivetd fee, a I ri ,hmen io h rr'r1tti' e 'e to t|he Vi~t'ti o model,('i (n 4 3 )-, ,int fu te/ '. C C
Is bh1 wn that the fornilthi ism tyl, u .ai1,t to, 1141 It. 1,re self-coentatined t han.the I lol inum anod ll.',hte f,,riuJ011 ,,, t,•,.jao ',
it Ihat It chw'o tnot rtequire thi' ri,re rilIlion Ie or lit,, ,;i e'. ehrte I nvetIeVe'd. s._ K•) 1*.

'rhie extnsion to the n-point functions of toie Veic- (V- n, I , r2. to ' I (-" , -i:

ziano's four-point function was accomplished either X -

Iby generalizing the integral representation for the (r1, 2 ,,, 1)""' (I, i,,)
beta function which comprises the essential ingre- x (or2.2 .).-. I ,,(1 ))r. n,
dient of flhe four-l)oint function1 .2 or by ghikerating a
recurrei-ce formula for the n-point function.3 In1 the X 'n I ("'oni . (OIn ' . oT nI F l' .,,.1; I, ....
latter approach, the authors attempted to justify the 01 . 1-;"" ; It. ,W2' , ' '1''.
formula for arbitrary value of I after showing, (2)

through introduction of the integral representation
oft the lieta function, that the formula produces the

alrt:.ady known integral expressions for the cases of In Eq. (2) the summation is over the integers between
n ý; 5,6, and 7. The recurrence formula which has 0 and ct of the indexes r B stands sor the beta0 apparently been discovered on a heuristic basis is function, (a, r) under the summa~ton symbol is writ-not necessarily very transparent, as the authors ten for r (a + r)/r(a), and Ppg are given by
themselves admit it,especially in connection with the r p2,.... x (3)definition of their variables x4i. /I4, -2

Recently it was pointed out that the generalized Our task in what follows is to show that ,when - 1,
Veneziano amplitudes may be regarded as the boun- Eq. (2) reduces to the recurrence formuia for the
dary values of a class of generalized hypergeometric N-point function B,,,(x) in Ref. 3 as giveoi below:
functions that are Radon transforms of products of
linear forms. 4 In a work by the present author which FN- 13_
shows that the amplitudes possess a structure simi- BN1x) = E-' L -
lar to that of the Lauricella's hypergeometric fune- k,,•_-ro t I'.s 1)]

tions, 5 he has made an iterative use of a recurrence N -3
formula for the amplitude. 6  

X B4(-xN-2N'-l1xX-'1,N + >] ki's-) B 5 1 (x'), (4)

The purpose of this note is to point out that the 2

author's recurrence formula obtains itself in a quite where
natural manner such that for a special choice of the x0 = -- a(s) with s= (/ + p•, 1 + ... +/
variables, it reproduces the formula proposed in Ref. zij = >Vi - "\'•.s - Xi.S-i + -
3 without requiring any prescription for the para-
meters involved therein. and x,'. are defined according to certain rules (given
To begin our discussion, let us consider a function V, in a tabular form) which will not be reproduced here.
of variables 'u1 defined as below: More noteworthy or the present frnrmula is the fact

that Eq. (2) is self-contained such that in co:trast to
K,,(00, I ,. 1 0`02 , (; 'V 11, a• 121 ..... n; Ref. 3, ther',, is required no prescription for defining

OF, the parameters of the function V,,-, which corresponds
2t, 19 22-, ... - a2.,-I; (3 1 ..... 3.,,-2; ... ;to Bs-1  of Eq. (4).

- , 1 2 (io n-1.2 0.1 1 2 ,1"0 3 ,. 1' In order to achieve the above we have to establish the

"Il 3' I'l ,n; .. ;"'a'2.2n) relation between our para'meters ol and those of Ref.
nI 3. For this purpose let us note first that the external

=1... I ,, _ i ( ,,l)o,- lines are labeled 1,2,...., I + 3 both for the (i, + 3)-
/, 1k2 c point function in Ref. 1 and for V,, in the present

X II1 1---ui Ci I.10 it_-I- 'I., (1) paper, while they are labeled 0, 1,...,i + 2 for the(I t)" (n + 3)-point function BN,, of Ref. 7. Further, we note
When the parameters a,, are regarded as functions that the integration variables u1 ,12,... , n in Ref. 7
of the momenta p/, i = 1,2, ... , n + 3, of the external and the present paper may be made to correspond to
particles, it will be seen that V. for u', = I can 112,1t1:1 .- ".. noit of Ref. 1. With this in mind one
readily be related to the known integral representa- can compare Eq. (1) with the corresponding expres-
tion for the (n + 3)-point function. 7  sion that follows from the representation for Bi,,3 (X)

o in Eq. (1), of Ref. I through rearrangement of the integrand.
In carrying out the multiple integrations e Namely, by introducing x) = - o1) - 1 from Ref. 1,
use has been made in Ref. 6 of the following recur- where we write Yo for (Y,, = a(sij) of Ref. 1. it be-

conies possible to express our af, in terms of ik,..
V,,(, 1  (....,on; no 1,. ... n,; •. ; v If we further write 4, = W-- with t l - 0 and

'- ~Iw)21 .... 1 ',uo ; I 1:1 .... U' ... ;f'. 21,n) 4; =j [' -•~ ,- 9Ij1+ th~- (5)

S-B(r•,, ,,al)• ~ .... .... ... where •a, and C,, stand for x,, and z,,, respectively, of
(( On l Y I*,, f ) Ref. 3, it follows that
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,V, • • ,. ,I ! o r i = 1, 2 , . . , (0m= • - f" 2 'r 2 's 1). ". (-- C "2,'i2 1r n I

and 0 I / ,1. ,•I.t+[n.!

0 II ,I,hI for k -; 2,3,.., ,n Y 114(t ,,,l 2P 4 1, n I+ f , m )

and - 1,2..... k1 k 1. 1. (7) X "n. 2(412 '-0i1t, 23:., 1 ,,5919 .13 O 2,

That the integral in Eq.(1) reduces for n,, = 1 ito li,. 24 .. .4 n 1, x 1n*" Pn ,, I,2 (9)
of Ref.7 can be seen from the observation that our
p,, i = 1,2. . . . ,n k 3 correspond to p. i =0,1 ... Note that we wrote 114 for B, and use was made of the
it 2 of Ref. 7 and through specialization of the rela- following relation in obtaining Eq. (9):
tion 5(sl,) = aV'SIJ " a • of Ref. I to the form bs,, 9 (1

as is done in Ref. 7. Ii(a0 (1,,,) (an,, nn)/(aO,, " a1 ,,,.I-
Although we have connected our parameters to those = (al,,,aOn 4 (1, " )

of Ref. 3 in Eqs. (6) and (7), the precise correspon-
dence between Eqs. (2) and (4) cannot be considered That Eq. (9) Is identical to Eq. (4) with N = it + 3,
complete until the arrangement of 4 in B,() of x and z9) C, can to eal Th N =n -
Eq. (4) is unambiguously established. I In Ref. 3 this x -, ,and z -, , can be checked easily. Tis esiab-
arrangement has been left out unstated, which fact is lishes, therefore, that the order in which A1 appears
responsible in part for requiring the somewhat in IIN(x) of Eq. (4),which was not stated explicitly in
troublesome rules for determining x' in BLNI(x') Ref. 3, should be exactly as is displayed in BJ,3 of
which should have really been uriecessary, as will Eq. (8)
l be shown below. IWe emphasize that the recurrence formula for the
Let us suppose that the correspondence between V,, (it + 3)-point function, Eq. (9), as derived from Eq. (2)
in this paper and BN, for N = n + 3, of Ref. 3 is given is complete as it stands and requires no rules for
by the following: defining the parameters of the function B,,,2. In con-

. a;snection with the table for 4, of B,,l(x') in Ref. 3,we
Vn .... , *0; t 1 ....I . . ,t I 'Yin; (12 1, . ..•, a 2.,- • note that not all the entries in the table are actially

an In 0 .... ,111;... ;i2 2 ,0) needed for the recurrence formula. In fact, what is
needed is only that portion of the table for i = 1,

S Bn( 12, 23,... 11, n#,t,2; •13,424 9 ..... j< N--2andi> 1, j t-N-2because,as maybe
4 nnn2; 414, 925 59.. ,-1,,n#2;... ; ni., P4 2. 42). (8) sieen from the arguments of Bn.2 in Eq. (9),we require

Tn ly 4,• forj < N--2 = it + I and kjwith i> I for
Then the transition from V, to 11,,, and vice versa can i f; N - 2 = it + 1. Moreover, there arises no need
be effected on a firm basis by referring to Eqs. (6) for including in the table the relation x't, = x I +
and (7). Ž-1 k, -1 , for j = N- 2, unless we unnecessarily2 ' v + FN-3
With the help of Eq. (8) we now can translate Eq. (2) rewrite the argument ov,.1 '• • k,.,-t in 114 of
into a formula which is given in terms of the function Eq. (4) as x 1 .N-2 - -'Z kd'. X= x 2 . Finally, it is
Bt4: noted further that x(, for i'> 1 and'. = N - I should

have not been included in the table since no such
B.-,:1(2• 2 , 2:"1, . . .nil,n,2; 41:3, 424, .... variables are actually involved in the recurrence

'. .-,42.n.2) formula for Bee(x).
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